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A series of recent studies has shown that a model of the turbulent vertical velocity
variance spectrum (Fvv) combined with a simplified cospectral budget can reproduce
many macroscopic flow properties of turbulent wall-bounded flows, including various
features of the mean-velocity profile (MVP), i.e., the “law of the wall”. While the
approach reasonably models the MVP’s logarithmic layer, the buffer layer displays
insufficient curvature compared to measurements. The assumptions are re-examined
here using a direct numerical simulation (DNS) dataset at moderate Reynolds number
that includes all the requisite spectral and co-spectral information. Starting with
several hypotheses for the cause of the “missing” curvature in the buffer layer, it
is shown that the curvature deficit is mainly due to mismatches between (i) the
modelled and DNS-observed pressure-strain terms in the cospectral budget and (ii)
the DNS-observed Fvv and the idealized form used in previous models. By replacing
the current parameterization for the pressure-strain term with an expansive version
that directly accounts for wall-blocking effects, the modelled and DNS reported
pressure-strain profiles match each other in the buffer and logarithmic layers. Forcing
the new model with DNS-reported Fvv rather than the idealized form previously used
reproduces the missing buffer layer curvature to high fidelity thereby confirming the
“spectral link” between Fvv and the MVP across the full profile. A broad implication
of this work is that much of the macroscopic properties of the flow (such as the
MVP) may be derived from the energy distribution in turbulent eddies (i.e., Fvv)
representing the microstate of the flow, provided the link between them accounts
for wall-blocking. C 2016 Author(s). All article content, except where otherwise
noted, is licensed under a Creative Commons Attribution 3.0 Unported License.
[http://dx.doi.org/10.1063/1.4943599]

I. INTRODUCTION

Wall-bounded turbulent flows are pervasive in a variety of domains, including the environment,
biology, and industry. Yet even for one of the simplest, canonical cases—smooth, pressure-driven
channel flow—their bulk properties have defied simplified theoretical explanation, relying predom-
inantly on dimensional analysis or similarity arguments. One such property is the mean-velocity
profile (MVP or U(y), where u = U + u′ is the streamwise velocity, u′ is the turbulent excursion,
and y is the distance from the wall). von Karman1 and Prandtl2 first suggested the existence, at
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sufficiently high Reynolds number (Re), of a logarithmic region in the MVP away from the wall3

such that

U+ =
1
κ

log(y+) + B, (1)

where κ is the von Karman constant, B is a constant that varies with wall roughness, and the
+ subscript signifies normalization by wall units, i.e., the velocity and length scales uτ and ν0

uτ
,

respectively, where uτ is the friction velocity and ν0 is the kinematic molecular viscosity. Closer to
the wall, in the “viscous layer,” viscous stresses dominate turbulent stresses and U+ is approximately
linear in y+, with a “buffer layer” linking the linear and logarithmic regions. However, other theo-
ries, based on “incomplete similarity” reasoning for finite Reynolds number, dispute the existence
of a logarithmic layer and propose its replacement with a power-law (e.g., Ref. 4).

A framework is required to explain the full MVP that moves beyond similarity arguments.
Klewicki and co-authors5–7 have proposed an alternative, four-layer structure based on relative
magnitudes of terms in the momentum budget, as observed in direct numerical simulation (DNS)
and experimental data. Another potentially useful route is to consider the role of turbulent statistical
fluctuations in generating macroscopic phenomena such as the MVP. L’vov et al.8 proposed a model
based on the characteristic length-scales of energy-containing eddies and the Reynolds-averaged
Navier Stokes equations for momentum, turbulent kinetic energy, and Reynolds stress. The varia-
tion of these length-scales over the flow profile was estimated from DNS data, resulting in a model
with three parameters, independent of Reynolds number. Other studies have taken advantage of
known scaling laws for turbulent fluctuations instead. Turbulent fluctuations follow Kolmogorov’s
universal scaling at scales much smaller than the flow’s integral length scale, but much larger than
its viscous dissipation scale.9 This scaling can be recovered by externally exciting the Navier-Stokes
equations with a Gaussian random force with carefully chosen correlation structure. In previous
studies, the dynamic renormalization group (RNG) method has been applied to obtain macroscopic
flow properties from the randomly forced Navier-Stokes equations, directly linking the micro- and
macro-scales of the flow.10

In a similar vein, two recent theories have proposed a “spectral link” between the MVP and
the spectrum of turbulent fluctuations F, the Fourier transforms of the two-point velocity correlation
functions. Gioia et al.11 first proposed a mechanism for such a link, relying on a heuristic argument
in which turbulent stresses were generated by the product of a longitudinal velocity excursion set in
size by “dominant eddies” of radius y+, and a vertical velocity excursion determined by the turbu-
lent kinetic energy T KE(y+) = 1

2 u′2i , which was in turn obtained from the T KE spectrum FTKE(k).
This phenomenological model has been shown to yield a range of known macroscopic properties
of turbulent flows. These include Manning’s formula for bulk streamwise velocity in rough channel
flow11 and flows over submerged aquatic canopies,12 the Reynolds number-friction factor relation in
turbulent rough-impermeable pipe flow13 and gravel-bed (i.e., rough-permeable) flow encountered
in the hyporheic zone,14 the MVP of turbulent pipe and channel flows11 and the sheared, thermally
stratified atmospheric surface layer (ASL),15,16 and the mean temperature profile of the ASL.17

An alternative mechanism is proposed by Katul and Manes18 (hereafter KM14): a simplified
cospectral budget, with a parameterized pressure-strain correlation term, that links the MVP to
Fvv(k). There are two main advantages of this approach over that of Gioia et al.11 First, it includes
contributions to the turbulent stress from eddies of all sizes, not just the “dominant eddies.” Second,
it links the MVP to the vertical velocity variance spectrum Fvv(k) rather than FTKE(k), consistent
with the production term in the turbulent stress budget. This approach has also been used to explain
macroscopic relations between the turbulent Prandtl number, Monin-Obukhov stability parameter,
and Richardson number in the stratified ASL.19–21

The modeled MVP in KM14 matches experimental observations well in the logarithmic re-
gion (see also Ref. 22) and the viscous sublayer, where turbulent stresses are small. However,
the model fails to adequately capture the strong curvature present in the buffer layer. While a
number of hypotheses were proposed for the missing curvature in the buffer layer, they could not
be adequately tested with the available experimental data. We use a DNS channel flow dataset at
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moderate Reynolds number (Reτ = uτR
ν0
= 2003, where R is the channel half-width23) to individ-

ually test several hypotheses explaining the curvature in the buffer layer, and use the outcome to
propose a new model linking the spectra Fvv to the MVP across its full range, including the buffer
layer. The new physics learned from the cospectral budget model is that the distribution of turbulent
vertical velocity fluctuations (the “microstate” of the flow, represented by Fvv(k)) contains sufficient
information to generate the MVP (the “macrostate” of the flow). This establishes a link between two
previously unrelated areas of the turbulence literature: (1) Kolmogorov’s theory of homogeneous,
isotropic turbulence, including the k−5/3 scaling of the energy spectrum and (2) the “law of the wall”
in wall-bounded turbulence. The specific value of this study is in testing and refining assumptions
from previous studies by using DNS data, and making modifications to the theory where conflicts
arise with the DNS data.

II. THEORY

As a starting point, the salient features of the cospectral budget model are reviewed. The
once-integrated streamwise momentum budget3,24 is given by

∂U+
∂ y+
+

 ∞

0
Fuv+(y+, k+)dk+ = 1 − y+

Reτ
, (2)

where Fuv+(y+, k+) is the cospectrum of the Reynolds stress at height y+ and wavenumber k+.
Assuming homogeneity in the spanwise direction, the Reynolds stress budget is

Storage
∂u′v ′

∂t
=

Production Puv      
−v ′2∂U

∂ y

Turbulent transport        
−∂u′v ′v ′

∂ y

Pressure transport                                          
− 1
ρ

(
∂p′v ′

∂x
+
∂p′u′

∂ y

)
+

p′

ρ

(
∂u′

∂ y
+
∂v ′

∂x

)
                            

Pressure strain φ

+ ν0

(
∂2u′v ′

∂x2 +
∂2u′v ′

∂ y2

)
                                          

Molecular diffusion

−2ϵuv
Dissipation

, (3)

where ρ is the mean fluid density and p′ is the turbulent excursion from the mean pressure. Un-
der stationary conditions, the storage term is ignored. Furthermore, the turbulent transport, pres-
sure transport, and molecular diffusion terms provide relatively minor contributions, although they
become more significant near the wall;3 we neglect them for now and return to this assumption later
using the DNS results.

A parameterization is required for the pressure strain rate correlation φ that is a function
of terms in the momentum and Reynolds stress budgets, to allow closure of the equations. This
term is traditionally modeled as the sum of three components: slow, rapid, and wall-blocking.
The slow component, generated by turbulent fluctuations, is usually modeled using Rotta’s linear
return-to-isotropy form.25 The rapid part, generated by the mean rate of strain, is often modeled
as proportional to the production term Puv.26 For simplicity, the wall-blocking component was
neglected in KM14 and other previous studies. Combining these components, the resulting parame-
terization is the Launder-Reece-Rodi Isotropization of Production (LRR-IP) model,3

φ(y) = −CR
u′v ′(y)
T(y)                  

Slow

−CIPuv(y)              
Rapid

, (4)

where CR ≈ 1.8 is the Rotta constant that depends on the precise definition of T(y), CI = 3/5 is the
isotropization constant predicted by Rapid Distortion Theory3 and T(y) is a relaxation time scale. A
spectral form of this parameterization is proposed in KM14,

π(k, y) = −CRsgn
(
u′v ′

) Fuv(k, y)
τ(k, y) − CIPuv(k, y),

where Puv(k, y) = −Fvv(k, y) ∂U∂y (y) is a spectral form of the production term, and the relaxation time
scale is τ(k, y) = ϵ(y)−1/3 min

�
k−2/3, ka(y)−2/3�

, where ka(y) = 1/y is a cutoff wavenumber used in
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an idealized form of the Fvv spectrum,27 described shortly. Noting that u′v ′ = sgn(u′v ′)  ∞0 Fuv(k)dk,
v ′2 =

 ∞
0 Fvv(k)dk, and ϵuv = ν0sgn(u′v ′)  ∞0 k2Fuv(k)dk, and substituting these expressions into the

cospectral budget corresponding to Equation (3) yields

0 = −Fvv(k, y)∂U
∂ y

(y) − CRsgn(u′v ′(y))Fvu(k, y)
τ(k, y) + CIFvv(k, y)∂U

∂ y
(y)

− 2sgn(u′v ′(y))νk2Fuv(k, y). (5)

Rearranging and nondimensionalizing to wall units yields an explicit expression for Fuv,

Fuv+ = −sgn(u′v ′+)
(1 − CI) ∂U+∂y+

Fvv+

2k2
+ + CRτ

−1
+

. (6)

To close the system of equations, a simplified T KE budget is introduced, where it is assumed
that T KE production balances dissipation,

ϵ+ = −u′v ′+
∂U+
∂ y+

= −∂U+
∂ y+

sgn(u′v ′+)
 ∞

0
Fuv+(k+)dk+. (7)

This approximation is reasonable in much of the logarithmic layer, but is strongly violated
closer to the wall,3 and is tested below. Combining Equations (2), (6), and (7), ∂U+

∂y+
(and, therefore,

the MVP) can be solved in terms of Fvv+.
An idealized functional form for Fvv+ is proposed in KM14, and is shown in Fig. 1(a) (inset).

This form consists of (i) the well-known C0ϵ
2/3
+ k−5/3

+ Kolmogorov scaling9 in the inertial range
(where C0 is the Kolmogorov constant), (ii) a high-wavenumber dissipative range correction, (iii)
a breakpoint at ka+ = 1/y+ and transition to k0

+ scaling, consistent with Townsend’s attached-eddy
hypothesis,28 and (iv) a low-wavenumber correction (Fig. 1(a), inset). The bottleneck at the cross-
over from inertial to viscous ranges is ignored and its effects were shown to be minor by KM14
when using the Meyers and Meneveau29 formulation.

FIG. 1. Modeled (red, dotted-dashed) and DNS (black, solid) mean velocity profiles (MVPs) for four different model
variants. (a) The original model used in KM14. Inset: The idealized form for the scaled vertical velocity variance spectrum
Fvv+ used in KM14, plotted on a log-log axis (solid line), where C0 is the Kolmogorov constant and ka+= 1/y+ is the cutoff
wavenumber (dashed line). (b) Same model as in (a), but forced with the DNS dissipation rate ϵ. Inset: Profile of the ratio
between DNS TKE production P+ and dissipation rate ϵ+ (solid line), and the value assumed in KM14 (dashed line). (c)
Same model as in (b), but forced with the DNS vertical velocity variance spectra Fvv+. (d) Same model as in (c), but using
the new pressure-strain parameterization given in Equation (11).
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III. TESTING ASSUMPTIONS WITH DNS

The missing curvature in the modeled MVP buffer layer (evident in Fig. 1(a)) may be due to
the violation of one or more of the following assumptions in KM14: (1) balance between production
and dissipation in the T KE budget, (2) the idealized shape of the Fvv+ spectrum used, and/or (3) use
of the spectral LRR-IP parameterization for the pressure-strain term in the cospectral budget. These
assumptions are addressed sequentially.

A. Assumption 1: Equilibrated TKE budget

First, the assumption of a local balance between T KE production and dissipation is tested by
forcing the model with DNS-reported dissipation rather than estimating it from Equation (7). The
resulting profile is given in Fig. 1(b). The only discernible effect of this change is in the buffer layer,
where the mean velocity is slightly increased. The reason for this change is evident from the profile
of the production-to-dissipation ratio obtained from the DNS (inset of Fig. 1(b)). Around y+ = 12,
the production term is approximately 1.75 times the dissipation rate. However, as y+ increases, the
imbalance quickly fades to tolerably small values. Therefore, while this assumption introduces a
small bias in the buffer layer, it quickly fades and does not play a significant role in the missing
curvature. A possible explanation for the lack of sensitivity of the MVP to the imbalance between
production and dissipation in T KE is due to Fuv+ scaling as ϵ1/3

+ , a sub-unity exponent.

B. Assumption 2: Idealized form of Fvv+

Second, in addition to forcing the cospectral budget model with the DNS dissipation rate,
we test the effect of the assumed idealized form of the Fvv+ spectra by forcing the model with
the DNS-reported Fvv+ spectra. We approximate the three-dimensional Fvv+ spectra with their
streamwise one-dimensional equivalents Fvvx+, effectively assuming isotropy. The resulting profile
(Fig. 1(c)) overestimates the DNS-observed MVP. Directly comparing the DNS spectra with the
idealized spectra (Fig. 2) reveals that the idealized form consistently overestimates Fvv+ for most

FIG. 2. Modeled (red, dotted-dashed) and DNS (black, solid) compensated streamwise vertical velocity variance spectra
kx+Fvv+, plotted at nine different heights y+. The model is the idealized form used in KM14 and given in Fig. 1(a)
(inset). The compensated spectra are plotted on log-linear axes so that the areas under the curves are directly proportional
to

 ∞
0 Fvv+(k+)dk+. The DNS spectra have been multiplied by an arbitrary constant to ensure that

 ∞
0 Fvv+(k+, y+)dk+=

v′2(y+).
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FIG. 3. Modeled (red, dotted-dashed) and DNS (black, solid) profiles of σv+ (where σ2
v+= v

′2 is the vertical velocity
variance); and the DNS profile of σu+ (black, dashed). The model is the variant shown in Fig. 1(b).

wavenumbers. This results in a consistently overestimated vertical velocity variance throughout the
profile (Fig. 3), which was also observed in KM14 when comparing with several experiments.

Substituting Equation (6) into Equation (2) and rearranging yields

∂U+
∂ y+

=
1 − y+

Reτ

1 − sgn(u′v ′+)
 ∞

0
(1−CI )

2k2
++CRτ

−1
+

Fvv+dk+
. (8)

It can be seen that correcting the overestimate (i.e., systematically reducing Fvv+) results in an
increase in ∂U+

∂y+
and the MVP. The mismatch between the DNS and modeled spectra is due to both

the scaling and shape of the idealized form in Fig. 1(a) (inset). Inertial-range Kolmogorov scaling,
as assumed in the idealized form for k+ > ka+, only applies when the spectral separation between y+
and the Kolmogorov microscale is sufficiently large. Given that the DNS is at a moderate Reynolds
number (Reτ = 2003), it is not surprising that the Kolmogorov inertial-range scaling tends to result
in overestimated Fvv+. Furthermore, the DNS spectra exhibit additional regimes not captured by the
current idealized form. For y+ <∼ 120, the cutoff wavenumber ka+ appears to remain roughly con-
stant rather than varying with height as ka+ ∼ 1

y+
assumed in KM14. It is only for y+ > ∼120 that

the cutoff wavenumber appears to begin varying with height. The invariance of ka+ near the wall has
been noted in previous studies (e.g., Ref. 30) and is possibly the result of streaks within the buffer
region that are known to not scale with distance from the wall.31 The four-layer model proposed by
Klewicki and co-authors5–7 proposes a self-similar region governed by a hierarchy of length-scales
linearly related to y+, spanning y+ = 2.6

√
Reτ to y = 0.5R. For this DNS dataset, the self-similar

region (and associated scaling with y+) is predicted to begin at y+ = 2.6 ×
√

2003 = 116, in good
agreement with the observed height at which ka+ begins varying with y+ in the DNS dataset. In
addition, there appear to be non-negligible contributions from a low-wavenumber mode (around
kx+ = 2 × 10−4 for y+ > ∼120) in the DNS spectra that are not accounted for in the idealized form.
Given the sensitivity of low-wavenumber components of calculated spectra to biases caused by
smoothing and averaging, it is unclear if this is an artifact or a genuine source of variability. Since
the Reynolds number of the DNS is still relatively low, we do not attempt to devise a parameteriza-
tion for the DNS Fvvx+ spectra to avoid overfitting to potentially Re-dependent features. We leave
this to future studies.

C. Assumption 3: Pressure-strain parameterization

The fact that the modeled MVP degrades when forced with the DNS Fvvx+ and dissipation
rates suggests errors caused by the third assumption (the parameterization of the pressure-strain
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FIG. 4. Modeled (red, circle markers) and DNS (black, no markers) profiles of terms in the covariance budgets: pressure-
strain (dashed), pressure-strain + neglected diffusion terms (dotted-dashed) and production (solid). Left: Using the LRR-IP
pressure-strain model, generating the MVP in Fig. 1(c). Right: Using the new pressure-strain model given in Equation (11),
generating the MVP in Fig. 1(d).

term) must be compensating. To test this, pressure-strain profiles from the DNS are compared to
those from the LRR-IP model (Fig. 4(a)). The model significantly overestimates the DNS-reported
pressure-strain profile. In the simplified cospectral budget (Equation (5)), the production term effec-
tively balances the pressure-strain term (since the dissipation term is small). Therefore, overestimat-
ing the pressure-strain term results in a negatively biased production term. To achieve this, since
Fvv+ is prescribed, the model overestimates ∂U+

∂y+
and the MVP.

IV. REVISED THEORY

Clearly, the pressure-strain correlation parameterization needs revising. The missing wall-
blocking component of the pressure-strain rate correlation can be included using a standard parame-
terization26,32

φ(y) = −CR
u′v ′(y)
T(y)                  

Slow

−CIPuv(y)              
Rapid

+
L(y)
y

(
−C ′R

u′v ′(y)
T(y) + C ′IPuv(y)

)
                                                                            

Wall-blocking

(9)

= −(CR + C ′R
L(y)
y

)u′v ′(y)
T(y) − (CI − C ′I

L(y)
y

)Puv(y), (10)

where L(y) = T KE(y)3/2/ϵ(y) is a turbulent length scale. In this formulation, near the wall, the
wall-blocking term increases the decorrelation effect of the slow pressure-strain component, and
decreases the effect of the rapid component. A spectral version of Equation (9) may be proposed,
given as

π(k, y) = −(CR + C ′R
λ(k, y)

y
)sgn(u′v ′)Fuv(k, y)

τ(k, y) − (CI − C ′I
λ(k, y)

y
)Puv(k, y), (11)

where λ(k, y) = min
(

1
k
, 1
ka(y)

)
is a spectral length-scale. Choosing C ′R = 0 and C ′I = 0.6 for the new

parameters, the modeled pressure-strain profile
 ∞

0 π(k, y)dk fits the DNS pressure-strain profile
reasonably outside the viscous region (Fig. 4(b)). Furthermore, it fits the sum of the DNS pressure-
strain and excluded transport/diffusion terms even better, perhaps justifying the neglect of these
terms in Equation (3). A desirable feature of this pressure-strain model is that, in the intermediate
region (η ≪ k−1 ≪ y , where η = (ν3/ϵ)1/4 is the Kolmogorov microscale), λ(k, y)

y
= (k y)−1 ≪ 1, so
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it reduces to the LRR-IP model. The LRR-IP model has been shown to generate good estimates of
the inertial range cospectrum Fuv = Cuv

∂U+

∂y+
ϵ+1/3k−7/3, including the constant Cuv ≈ 0.15.18,22

The resulting modeled MVP (Fig. 1(d)) fits the DNS MVP well across the entire boundary-
layer depth. The fit is particularly good given that errors in estimating ∂U+

∂y+
accumulate in the

estimated MVP as y+ increases. The only “tuning” that occurs is in developing the spectral
pressure-strain model. Here, the parameters C ′R and C ′I are obtained by manually minimizing two
objective functions: (1) the difference between

 ∞
0 π(k, y)dk and the DNS pressure strain pro-

file, using the DNS ϵ , Fuv and ∂U
∂y

fields as inputs to Equation (11), (2) the difference between ∞
0 Fuv(k, y)dk and the DNS u′v ′ profile, using the DNS ϵ , Fvv and ∂U

∂y
fields as inputs. No tuning

is performed to match the modelled MVP to the DNS MVP, further emphasizing the impact of
the form of the turbulent spectrum on the MVP.

The modeled and DNS cospectra Fuv+(k+, y+) are compared in Fig. 5. While the scale of the
modeled Fuv+ is reasonable across the profile, the shapes vary significantly. For (y+ >∼400), the
fit in the inertial range steadily improves and matches the DNS Fuvx+ well, consistent with other
arguments.18,22 However, a low wavenumber mode (around k+ = 5 × 10−4) dominates the DNS
Fuvx+ cospectrum but is not present in the modeled cospectrum. The low-wavenumber mode may
be an important source of missed variability. It may also be a purely numerical artifact of smooth-
ing the estimated spectra. To further examine these different explanations, the one-dimensional
streamwise and spanwise vertical velocity variance, horizontal velocity variance, and associated
cospectra are shown in Figs. 6 and 7, respectively. The horizontal velocity variance spectra Fuux+

are greater than the corresponding vertical velocity variance spectra Fvvx+ across most wavenum-
bers, consistent with the observed profiles of horizontal and vertical velocity variance (Fig. 3). An
upper bound on the cospectrum can be obtained from the Cauchy-Schwarz inequality |Fuv+(k+)| ≤

Fuu+(k+)Fvv+(k+) (see, e.g., Ref. 33). This serves as a useful check in determining if the low
wavenumber mode in the DNS Fuvx+ cospectrum is anomalous. As shown in Fig. 6 (bottom row),
the low wavenumber mode in the compensated DNS cospectrum exceeds the upper bound given by
the Cauchy-Schwarz inequality. Therefore, the low wavenumber mode appears to be an artifact of
the DNS data, possibly due to the windowing and tapering process, known to particularly impact
estimates of the lowest wavenumbers of the estimated (co)spectrum. This is further confirmed by
examining the spanwise spectra (Fig. 7): the spanwise DNS Fuvz+ satisfies the Cauchy-Schwarz

FIG. 5. Modeled (red, dotted-dashed) and DNS (black, solid) turbulent stress (−u′v′) profiles, and the DNS total stress
profile (black, dashed). Insets: Modeled (red, dotted-dashed) and DNS (black, solid) compensated streamwise Reynolds
stress cospectra kx+Fuvx+, plotted at six different heights y+ (corresponding positions on the turbulent stress profile are
identified with arrows and black boxes). Each inset figure has the same axis-labels as the y+= 14 inset figure, but are omitted
for clarity. The modeled cospectra are obtained from the model used to generate the MVP given in Fig. 1(d). The compensated
spectra are plotted on log-linear axes so that the areas under the curves are directly proportional to

 ∞
0 Fuvx+(k+)dk+. The

DNS cospectra have been multiplied by an arbitrary constant to ensure that
 ∞

0 Fuvx+(k+, y+)dk+=−u′v′+(y+).
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FIG. 6. Top row: Compensated streamwise horizontal velocity variance spectra kx+Fuux+ (dashed lines, black) and vertical
velocity variance spectra kx+Fvvx+ (solid lines, black), at three different heights y+. Bottom row: Compensated streamwise
Reynolds stress cospectra kx+Fuvx+ from the DNS (solid lines, black) and model (solid lines, circle markers, red) at three
different heights y+. A theoretical upper bound on kx+Fuvx+, calculated using the Cauchy-Schwarz inequality and DNS
kx+Fuux+ and kx+Fvvx+ is also shown (dotted-dashed lines, black). The DNS spectra and cospectra have been multiplied
by an arbitrary constant to ensure that, when integrated, they give the correct DNS-observed variances and covariances,
respectively.

inequality and fits the modelled cospectra reasonably well. This is expected, since low wavenumber
components of the spanwise spectra are naturally dampened by the presence of side-walls in the
channel and are therefore less susceptible to artifacts from smoothing and averaging. The symmetry
in the spanwise direction also forces some degree of homogeneity on the flow, while the streamwise
direction is highly inhomogeneous in the buffer layer due to the presence of streaks.34

FIG. 7. Same as Fig. 6, but using spanwise (rather than streamwise) spectra and cospectra.
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V. SUMMARY AND CONCLUSIONS

In summary, a cospectral budget model is shown to be capable of reproducing the full law-
of-the-wall MVP with no tunable parameters, when forced with the right vertical-velocity variance
spectra Fvv+ and T KE dissipation rates. Modeling the dissipation rates by assuming a perfect
balance with T KE production (and, hence, varying with ∂U+

∂y+
) introduces only small biases to the

predicted MVP. Parameterizations used for Fvv+ used in previous studies overestimate the true
spectra, at least at the relatively low Reynolds number considered in this study. A major departure
between the idealized Fvv+ previously employed and those reported from DNS is the apparent
invariance with distance from the wall, in the viscous- and lower buffer-layer, of the cross-over
scale 1/ka in Fvv+. This invariance may be due to the presence of streaks within the buffer region
whose dimensions do not scale with distance from the wall.31 The modeled cospectra match the
DNS cospectra well in their inertial ranges in regions of the flow where the turbulence is closest to
fully developed. Low-wavenumber differences between modelled and DNS-observed cospectra are
likely due to numerical artifacts in the DNS-observed cospectra introduced through smoothing and
averaging. This study further establishes the “spectral link” between the MVP and Fvv+ across the
full boundary-layer depth. Recent studies have highlighted the significant role of very-large scale
structures on near-wall turbulent stresses.35,36 The cospectral budget model opens up the possibility
of exploring the link between these very-large scale motions (which can be parsimoniously repre-
sented by low-wavenumber peaks in the Fvv+ spectra used as inputs to the model) and the MVP.
Furthermore, relating the micro- and macro-states (i.e., the distribution of turbulent fluctuations
Fvv+, and the MVP, respectively) through a cospectral budget may prove fruitful in explaining
macroscopic properties of other wall-bounded turbulent flows, such as those subject to heating or
surface roughness effects, and will be the subject of future studies.
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