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Practical and Theoretical Benefits of an Alternative to the
Penman-Monteith Evapotranspiration Equation

Kaighin A. McColl'?

IDepartment of Earth and Planetary Sciences, Harvard University, Cambridge, MA, USA, ?School of Engineering and
Applied Sciences, Harvard University, Cambridge, MA, USA

Abstract The Penman-Monteith equation is used widely to estimate evapotranspiration (E) and to
understand its governing physics. I present an alternative to the Penman-Monteith equation that has both
practical and theoretical advantages, at no appreciable cost. In particular, the new equation requires no
additional assumptions, empiricism, or computational cost compared with the Penman-Monteith
equation. Practically, the new equation is consistently more accurate over a wide range of conditions when
compared with eddy covariance observations: The new equation has lower errors compared with
Penman-Monteith estimates of ET at all of the 79 eddy covariance sites available for the analysis. Using the
new equation reduces errors, on average, by 67%, from 8.55 to 2.81 [W m~2]. At night, the improvement is
even greater (92% reduction in error; from 1.26 to 0.097 [W m~2]). This improvement is achieved without
calibration. Theoretically, the new equation corrects a conceptual error in the Penman-Monteith equation,
in which the Penman-Monteith equation incorrectly implies that E from a saturated surface into a
saturated, turbulent atmosphere (“equilibrium” E) is exactly equivalent to E from an unsaturated surface
into an unsaturated, laminar atmosphere. The conceptual error is traced back to the failure of the
Penman-Monteith equation in important limiting cases; these errors are eliminated by the new equation. I
use the new equation to revise an existing theory of land-atmosphere coupling affected by the conceptual
error in the Penman-Monteith equation and to reassess several common but incorrect definitions of
equilibrium E.

1. Introduction

Evapotranspiration (E [kg m~2 s1]) is the second largest flux of water, after precipitation, in the terrestrial
water cycle. It is a key component of the surface energy budget, in which the difference between net radiation
and ground heat flux (R, — G [W m~2]) balances turbulent fluxes of sensible and latent heat (H+ AE [W m~2],
where 4 is the latent heat of vaporization [J kg~1]). During the daytime, when typically R, — G > 0, E cools
and moistens the lower atmosphere. E can also remain significant at night (Dawson et al., 2007; Groh et al.,
2019; Novick et al., 2009), when typically R, — G < 0.

E is governed by the surface energy budget,

Latent heat flux ~ AE

N Sensible heat flux ~H
o f_/h
858a
Rn_G=pA +g, (q (T)_qa)+ pC ga(T T) (1)

where T, is surface temperature [K], T, is air temperature at screen-level [K], ¢*(T,) is saturated specific
humidity at the surface [—] specified by the Clausius-Clapeyron relation, g, is specific humidity of air at
screen level [—]), p is air density [kg m~3], and ¢, is the specific heat capacity of air at constant pressure
[J kg™t K~1]. E is constrained by water availability and plant physiology, modeled by the bulk parameter g;
[m s71], often referred to as the “ecosystem conductance.” It is also constrained by turbulent transport, mod-
eled by the bulk parameter g, [m s!], or “aerodynamic conductance.” Equation (1) gives the “radiatively
uncoupled” surface energy budget (Raupach, 2001), in which R, and G are treated as known and do not
vary explicitly with surface temperature T; this applies, for instance, if direct observations of R, and G are
available. If R, and G are modeled rather than observed, their dependence on T, can be retained in the anal-
ysis by introducing a “radiative conductance,” g,, and “storage conductance,” g, (the “radiatively coupled”
case, considered in Appendix B).
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Figure 1. Practical benefits of equation (8): (a) approximations to the Clausius-Clapeyron relation, where q*(Ts) is the
saturated specific humidity [—] and Ty is surface temperature [K]. In this example, the vertical gray line is the air
temperature T, [K] used in each approximation. The linear approximation, used in the PM equation, is a first-order
Taylor expansion around T, = T,,. The quadratic and quartic approximations are second- and fourth-order expansions,
respectively. Comparison of equation (8) (b, c) and the PM equation (d, e) with half-hourly observations from 79
FLUXNET sites. The red dashed line is the 1:1 line. “PM” means “Penman-Monteith.” “RMSE” means
“root-mean-squared error.”

Given observations or model estimates of R, G, q,,, T,,, g and g,, equation (1) is an implicit equation for Tj.
Since T, is present in the definition of E, it is also an implicit equation for E. Equation (1) cannot be solved
for T, analytically, due to the presence of the nonlinear g"(T,). An approximate solution can be obtained by
linearizing q'(T,) around T = T, (Figure 1), that is,

=A
——

d *
q T.). )

q*(Ts) I q*(Ta) + a7 I, s —1g

Using (i) the definition of H to replace T, — T, with H/(pc,g,), (ii) equation (1) to replace H with R, — G- AE,
(iii) substituting the resulting equation into the definition of AE, and (iv) solving for AFE yields the explicit
equation

=D

—
_eR, = G)+ pig,(q"(T,) — q,)
e+1+ ‘z—“

S

AE

, 3

where ¢ = i—A [—]. This is the radiatively uncoupled Penman-Monteith (PM) equation (Monteith, 1965;
Penman, 194§) (see Appendix B for the radiatively coupled version). The major benefit of the PM equation is
its removal of explicit dependence on T,. While the surface energy balance could be solved numerically for T
and AE, the PM equation provides an approximate but explicit solution that has proven theoretically useful
in understanding the coupled land-atmosphere system (e.g., Jarvis & McNaughton, 1986; Konings et al.,
2011; Raupach, 2001; Scheff & Frierson, 2013; Stap et al., 2014; van Heerwaarden et al., 2010). It has also
been widely applied in estimating E from field data, used within macroscale hydrology models (Hamman
etal., 2018; Liang et al., 1994) and land surface models (Kumar et al., 2017) and has been inverted to estimate
ecosystem-scale g, from observations of E and other variables (e.g., Baldocchi et al., 1991; Lin et al., 2018;
Novick et al., 2016).
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Unfortunately, the linearization of the Clausius-Clapeyron relation in the PM equation introduces
both empirical and conceptual errors into estimates of AE. Empirically, the linearization of the
Clausius-Clapeyron relation can be quite inaccurate (Milly, 1991; Paw U & Gao, 1988), particularly at night
and in cold environments. Conceptually, the PM equation is incorrect in important limiting cases, which
has led to common conceptual mistakes in the literature, related to AE under well-watered conditions and
other limiting cases (Paw U & Gao, 1988).

To remedy these problems, I propose an alternative to the PM equation—based on an approximation of
the Clausius-Clapeyron relation proposed by Vallis et al. (2019)—that substantially reduces its empirical
errors and eliminates its conceptual errors. Like the PM equation, the new equation is an explicit solution
for AE based on equation (1). Unlike the PM equation, it reproduces the correct limiting behavior, eliminat-
ing conceptual errors. Empirically, the new equation is more accurate than the PM equation across a wide
range of real-world conditions, at no additional cost in terms of required assumptions, inputs, parameters,
empiricism, or computation. Many challenges in modeling ET are not addressed by this work, including the
modeling and estimation of g, and g; rather, the focus is on improving the PM equation without introducing
additional costs.

This manuscript is structured as follows. In section 2, an alternative to the PM equation is presented. In
section 2.1, the alternative equation is shown to outperform the PM equation in a range of real-world cases
using eddy covariance observations. Readers who are primarily interested in seeing empirical evidence of
the accuracy of the new equation should feel free to skip to this section. In section 2.2, the theoretical ben-
efits of equation (8) are introduced. One benefit is its accuracy in limiting cases, which contrasts with the
PM equation; the behavior of both equations in various limiting cases is considered in section 2.3. In section
2.4, the new equation is used to revise an existing theory of land-atmosphere coupling. In light of results in
the previous sections, five different definitions of equilibrium E are critically reassessed in section 2.5. Con-
clusions are presented in section 3. For readers who are interested in immediately using the more accurate
radiatively uncoupled equation for E, it is given in equation (8). Code for applying the equation is available
from the author's website.

2. An Alternative to the Penman-Monteith Equation

In this section, I introduce the alternative to the PM equation. The new equation is analogous to the PM
equation: It uses an approximation of the Clausius-Clapeyron relation to provide an equation for AE that
does not have any explicit dependence on T,. However, compared with the PM equation, I use a much less
severe approximation of the Clausius-Clapeyron relation, resulting in a more accurate expression for AE at
no additional cost: no extra assumptions, parameters, inputs, or computational expense are required. Several
previous studies have used higher-order Taylor expansions of the Clausius-Clapeyron relation (Figure 1a)
to derive quadratic and quartic versions of the PM equation that are also more accurate (Baldocchi et al.,
2005; Milly, 1991; Paw U & Gao, 1988). While useful in daytime conditions (R, — G > 0), the quadratic
and quartic polynomial equations on which these solutions are constructed can be undefined in some cases
when R, — G < 0. This work focuses exclusively on general solutions of equation (1), which are defined for
all values of R, — G, like the PM equation itself. For notational simplicity, throughout this manuscript, I use
the term “daytime” to mean “R, — G > 0” and “nighttime” to mean “R, — G < 0,” while recognizing that
this is a simplification.

The Clausius-Clapeyron relation can be written as

dg*(T) _ Aq"(T)
dT RT?’

(C)

where R, is the gas constant for water vapor [J kg~! K~']. The relation can be written in terms of g" rather
than saturated vapor pressure e” [Pa] because these terms are proportional to a very good approximation in
Earth's lower atmosphere. While A is a function of T, its dependence on T is relatively weak under stan-
dard atmospheric conditions, and it is conventionally treated as constant. Applying this approximation and
integrating equation (4) between the screen-level air temperature T, and the surface temperature T, gives

q'(T) = 4" (T exp <—Ri (%- Ti)) . ®)

N a
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Assuming T, — T, is small, as assumed in the PM equation, Vallis et al. (2019) proposed that this could be
approximated as

q"(Ty) ~ q*(T,) exp ( (T, - Ta)) . (6)

R,T?

Figure 1a compares this approximation to the approximations made in the linear PM equation (equation (2))
and two higher-order approximations. While all approximations are reasonable when |T,; — T,| is small,
equation (6) is much more robust to increases in | T,— T, |. If the exponential term in equation (6) is linearized
around T, (using the relation exp(x) ~ 1 + x near x = 0), and the Clausius-Clapeyron relation (equation
(4)) is substituted in, the resulting expression is identical to equation (2). Therefore, the approximation in
equation (6) is already assumed implicitly in the derivation of the PM equation and is not a new assumption.

Substituting equation (6) into the radiatively uncoupled surface energy balance (equation (1)) gives

gsg“g (q*(Ta)eXp<

S a

R

- G=pi (T, - Ta)> = Q) + p,8(Ts = T,). 7)

n

R,T?

This equation can be solved exactly for T; see Appendix A for a derivation of the solution. Substituting this
solution into equation (6) and then into the definition of AE, an expression for AE is obtained that has no
explicit dependence on T, analogous to the PM equation:

. 88

pe g W, (22000 & g (2 R0 g vgg "Ma
pSaTO0\ ¢, R,T2 gotg, R,T2 PCp8a 8.8
ﬁ soa

A/ (R,T2) T

AE =

®)

Equation (8) uses the principal branch of the Lambert W function W(x), an analytic function defined by
W(xexp(x)) = x.

W(x) is multivalued for _71 < x < 0, with a principal branch W (x) and a negative branch W_,(x), and
single valued for x > 0. Since x > 0 in equation (8), it is safe to restrict our attention to W (x) (Figure
S1). While less common than other analytic functions (e.g., the natural logarithm, which is defined simi-
larly as log(exp(x)) = x), the Lambert W function has been used for centuries. W (x) is both differentiable
(% = % for x # 0) and integrable ([ W(x)dx = x (W(x) -1+ %) + C) (Corless et al., 1996).
Applications of the Lambert W function in the environmental sciences include an exact expression for the
lifting condensation level (Romps, 2017; Yin et al., 2015), a closed-form solution for convective available
potential energy (Romps, 2016), a solution for the temperature profile in an idealized model of moist con-
vection (Vallis et al., 2019), a solution of Richards' equation for unsaturated soil water transport (Barry et al.,

1993), and various applications in ecology (Lehtonen, 2016).

Equation (8) applies to the radiatively uncoupled surface energy budget. An equivalent equation is derived
for the radiatively coupled case in Appendix B.

2.1. Practical Benefits of Equation (8)

In this section, eddy covariance observations are used to assess the accuracy of equation (8) across a wide
range of conditions. The performance of equation (8), in terms of root-mean-squared error (RMSE), is shown

to be better than that of the PM equation at all sites available for the analysis.
2.1.1. Data

Observations of AE, R,,, G, T,, wind speed (u [m s™']), relative humidity (RH = q,/q"(T,) [—]), air pressure
(P [Pa]), and friction velocity (u. [m s71]) were obtained from the FLUXNET database (fluxnet.ornl.gov).
The FLUXNET data set includes half-hourly observations from eddy covariance sites around the world. Sites
that did not include all of these observations were excluded. Observations with quality control flags corre-
sponding to poor-quality gapfill were removed. Estimates of vegetation height at each site were obtained
from Lin et al. (2018). Both daytime and nighttime observations were used in this analysis. Nighttime obser-
vations were filtered using site-specific friction velocity thresholds provided with the FLUXNET database
(Barr et al., 2013; Papale et al., 2006). Seventy-nine eddy covariance sites met these requirements and were
used in the analysis; information on these data is summarized in Table S1.
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The aerodynamic conductance g, was estimated at each site using the standard relation (Garratt, 1994; Thom
& Oliver, 1977)

ku
=d) _ =d\ _y )
(108 () — ) (102 (51) - )
where k = 0.41 is the von Karman constant [—]; z is the measurement height [m]; u is the mean wind speed
[m s~!] at height z; d = éh is the assumed zero-plane displacement height [m]; & is the vegetation height

[m]; zy, and z,,, are the thermal and momentum roughness heights [m], respectively (chosen to be 0.01h
and 0.1h, respectively, consistent with previous studies (Lin et al., 2018)); and ¥,, and ¥}, are the stability

8 = ©)

correction functions for momentum and heat transfer, respectively [—]. Standard relations are used for ¥,
and ¥}, for unstable (Paulson, 1970) and stable conditions (Holtslag & De Bruin, 1988).

For eddy covariance observations, the ecosystem-scale surface conductance g is often estimated using a rear-
ranged form of the PM equation (e.g., Lin et al., 2018; Medlyn et al., 2017; Novick et al., 2016; Wullschleger
etal., 2002). The aim of this analysis is to quantify errors in this equation, so a different approach is required:
instead, the radiatively uncoupled surface energy budget (equation (1)) is solved numerically for g, at each
point in time and space. Specifically, observations of H (estimated as R, — G — AE) and T,, combined with
estimates of g, are used to estimate T, based on the definition of H in equation (1). The estimated T is then
combined with observations of AE and g, to estimate g, using the definition of AE in equation (1).

2.1.2. Validation Against Observations

Errors in equation (8) and the PM equation are estimated using observed values of AE, R, — G, T, q,, and
estimated values of g, and g, as described in the previous section. Overall, equation (8) consistently out-
performs the PM equation. At all 79 sites, compared with the PM equation, equation (8) has lower RMSE
with respect to observed AE. Across sites, and using both daytime and nighttime observations, equation (8)
results in a 67% reduction in RMSE, reducing it from 8.55 to 2.81 W m~2. At night (R, — G < 0), absolute
values of RMSE are lower, since absolute values of AE are lower. However, across sites, the average reduc-
tion in RMSE using equation (8) at night is 92%, reducing from 1.26 to 0.0974 W m~2 (Figures 1b and 1d).
Restricting observations to daytime only (R, — G > 0) results in a reduction in RMSE using equation (8) of
67%, from 10.1 to 3.32 W m~2 (Figures 1c and 1e).

The PM equation systematically underestimates AE, whereas equation (8) slightly overestimates it. This
behavior can be traced back to the different approximations of the Clausius-Clapeyron relation used in each
equation. The linearization of ¢"(T,) used in the derivation of the PM equation (equation (2)) systematically
underestimates ¢*(T,) (Figure 1a), causing the PM equation to systematically underestimate AE. In contrast,
the approximation of q*(T,) used in the derivation of equation (8) (equation (6)) slightly overestimates q"(T,)
(Figure 1a), causing equation (8) to overestimate AE.

At the half-hourly timescale, the PM equation occasionally performs slightly better than equation (8), but
these cases are rare and errors are small. More specifically, for 87% of the half-hourly observations across
all sites, equation (8) performs better than the PM equation in terms of RMSE (the RMSE is just the abso-
lute value of one residual at the half-hourly timescale, since there is one observation per half hour). In these
cases, the median absolute difference between the half-hourly RMSE for equation (8) and the PM equation
is 0.47 [W m~2]; the 95th percentile absolute difference is 10 [W m~2]. For the remaining 13% of half-hourly
observations, equation (8) performs slightly worse than the PM equation in terms of RMSE. In these cases,
the median absolute difference between the half-hourly RMSE for equation (8) and the PM equation is
0.0061 [W m~2]; the 95th percentile absolute difference is 0.095 [W m~2]. Overall, equation (8) performs bet-
ter than the PM equation at the half-hourly timescale in a broad majority of cases. When it does not perform
better, the difference in performance is very small. When aggregated to longer timescales, the performance
of equation (8) is consistently better than that of the PM equation.

These results do not appear to be an artifact of errors in the observations or in the methods used to estimate g,
and g, from the data. To check this, first, all analyses were repeated using AE estimated as the residual of the
observed energy balance at each site, rather than the directly observed value. The results were qualitatively
similar (not shown). Second, the equations were also tested on synthetic “observations” (including synthetic
observations of g, and g), which are not subject to observation error, or other estimation errors (supporting
information Text S1). The results are qualitatively similar to those obtained using real data (Figures S4-S5).
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In summary, equation (8) substantially and consistently reduces errors in estimates of AE based on real-world
observations, compared with the PM equation. It does so without calibration and without requiring any
additional assumptions, inputs, or computational cost.

2.2. Theoretical Benefits of Equation (8)

Important theoretical insights can be gained from analyzing explicit solutions of equation (1), such as the
PM equation or equation (8). One major theoretical benefit of an explicit solution over numerically solving
equation (1) is that the explicit solution can be differentiated. For example, van Heerwaarden et al. (2010)
differentiated the PM equation to analyze forcings and feedbacks in the coupled land-atmosphere system.
Another benefit of an explicit solution is that limiting cases—that is, cases in which a governing parame-
ter, such as g, or g,, approaches zero or infinity—can be studied analytically. The study of limiting cases of
evapotranspiration has a long history (e.g., Paw U & Gao, 1988; Raupach, 2001; Yang & Roderick, 2019). For
example, a common example of a limiting case in the study of E is the concept of “potential evapotranspi-
ration”: one of many definitions of potential ET is E in the limit of g, - co. Another definition is the case
in which, in addition to g; — oo, the near-surface air is also saturated. Under this definition, the radiatively
uncoupled PM equation converges to the “equilibrium” value,

€
e+1

JE ~ (R, - G). (10)

Raupach (2001) provides a comprehensive review of equilibrium ET. Conveniently, this relation does not
depend on wind speed or surface conditions, including surface temperature (this applies for the radiatively
uncoupled case (Raupach, 2001)). The relation has been empirically adapted to the more common case in
which the air is unsaturated, by multiplying the equilibrium value by a constant, often taken to be 1.26
(Priestley & Taylor, 1972). This variant of equilibrium ET is at the core of modern ET estimation algorithms,
such as the Priestley-Taylor Jet Propulsion Lab (PT-JPL) algorithm (Fisher et al., 2008) used in the ECOsys-
tem Spaceborne Thermal Radiometer Experiment on the Space Station (ECOSTRESS) mission (Stavros et al.,
2017); the widely used Global Land Evaporation Amsterdam Model (GLEAM) algorithm (Martens et al.,
2017); and a recent theory of land-atmosphere coupling (McColl et al., 2019; McColl & Rigden, 2020).

Given the considerable importance of equilibrium ET and other limiting cases in understanding and model-
ing ET, any approximate solution of AE based on equation (1) should reproduce the correct limiting behavior.
In the following section, I show that, in contrast to equation (8), the PM equation does not reproduce the
correct limiting behavior in all cases.

2.3. Limiting Behavior of the PM Equation and Equation (8)

In this section, I compare predictions of AE in several limiting cases based on the PM equation and
equation (8), with the true limiting behavior implied by the radiatively uncoupled surface energy budget
(equation (1)). The radiatively uncoupled case is of primary interest in this section because, as we will see,
two common definitions of equilibrium ET are based on limits of the radiatively uncoupled surface energy
budget. I will show that one of these definitions is incorrect.

For readers not familiar with limits, the expression “AE — X as g, — 0” can be interpreted as “X is a
reasonable approximation of AE when g, is sufficiently small.” The expression “AE — X as g, — «” can be
interpreted as “X is a reasonable approximation of AE when g, is sufficiently large.” When considered this
way, a limit has clear practical relevance as a useful approximation in real-world cases.

While various limiting cases of the surface energy budget could be considered, this study focuses exclusively
on the limiting cases in which g, and g, approach both zero and infinity, consistent with previous studies
(Raupach, 2001).

2.3.1. The Wet Limit: g, — o

The wet limit can be a reasonable approximation of E from a saturated surface, such as a lake or saturated
soil. We consider two variants of this case: one in which the air is also saturated (D = 0 and g, — o) and
one in which itis not (D > 0 and g, — o).

For the case where D = 0, the surface energy budget can be rewritten exactly as

JE = —sa (R, — G), where e, = iw,
+1 c T,—T,

€sa P
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which does not contain explicit dependence on g,. However, there is implicit dependence, since T is an
implicit function of g,, and so the limiting value varies with g,. The PM equation approximates ¢,, = e,
removing all dependence on T and thus g,. While this turns out to be a reasonable approximation in this
limit, technically, there is still some dependence on g,. Equation (8) is a function of g, in this limit and is
numerically more accurate, compared to the PM equation, as shown numerically in Figure S7.

For the case where D > 0, the PM equation systematically underestimates the true value in this limit.
This result is illustrated numerically using synthetic observations, since there is no closed-form solution to
equation (1) in this case. Synthetic “truth” observations are generated by solving equation (1) for AE. To
numerically approximate this limiting case, g; is chosen to be 10'> [m s~!] and RH = 0.5 [—]. Other param-
eters are set to the following fixed values: T, = 20 [° C], P = 101.325 [Pa], and G = 0 [W m~2]. Finally, g, is
randomly varied between 0.01 and 0.1 [m s7!], and R, is randomly varied between —200 and 500 [W m~2].
The synthetic “truth” observations are then compared with the predicted AE obtained using the PM equation
and equation (8) (Figure S2). Equation (8) is numerically more accurate than the PM equation and does not
systematically underestimate AE in this limiting case, unlike the PM equation. Similar performance is found
if the radiatively coupled surface energy budget and corresponding radiatively coupled versions of the PM
equation and equation (8) are used instead (not shown).

2.3.2. The Dry Limit: g, — 0

The dry limit can be a reasonable approximation of E in an arid environment, where water availability
limits E. Physically, AE should be zero, since the surface conductance is limiting. Both the PM equation and
equation (8) give the correct limiting behavior: AE — 0 as g, — 0.

2.3.3. The Rough Limit: g, — oo

The rough limit can be a reasonable approximation of E over a rough surface, such as a forest. Physically,
the temperature gradient approaches zero (T, — T,) to maintain finite sensible heat flux. This implies that
AE = Mgs /i = q*(Ty)—q,) - pAg(q*(T,)—q,) as g, — oo. Both the PM equation and equation (8) correctly
reproduce this limit (see Appendix C for a derivation).

2.3.4. The Calm Limit: g, — 0

This limit corresponds to a case in which turbulent diffusion becomes small. The radiatively uncoupled
PM equation (equation (3)) implies that the calm limit (g, — 0) is exactly equivalent to the “wet” limit
(g, = o and D = 0), with AE converging to the “equilibrium” value (equation (10)) in both cases. It is still
common to find references to equilibrium E as the radiatively uncoupled limit in which g, — 0 (e.g., Jones,
2014; Raupach, 2001). From this, a puzzle arises: For a given observed value of R, — G, why would E from
a saturated surface into a saturated, turbulent atmosphere be exactly equivalent to E from an unsaturated
surface into an unsaturated, laminar atmosphere, in general? If this were true, it would require a deep and
fundamental connection between turbulent and laminar processes.

In this section, I show that this apparent equivalence is incorrect. Paw U and Gao (1988) showed the limiting
behavior produced by the PM equation for the calm limit is incorrect during daytime conditions, and I extend
that analysis here to show that it is also incorrect at night.

The PM equation converges to equilibrium E (equation (10)) in two cases. The first case is a wet limit, in
which g, = o0 and D = 0. This case corresponds to the original definition of equilibrium E, is physically
justified, and predates the PM equation. Figure S3 shows two example cases, corresponding to daytime
(R, — G > 0, Figure S3b) and nighttime (R, — G < 0, Figure S3d), comparing the solution of the PM
equation (equation (3)) to the exact solution obtained from numerically solving the surface energy budget
(equation (1)), for different values of g,. All solutions correctly converge to the equilibrium value as g, - o
when D = 0.

The second case is a calm limit, in which g, — 0. Physically, this limit is approached when there is little
atmospheric turbulence (i.e., the atmosphere approaches a laminar state). Diffusion of water vapor from the
land surface in the absence of turbulence is slow. This is one of several textbook definitions of equilibrium
E (e.g., Jones, 2014), first proposed by Thom (1975). It is derived directly from the PM equation. However,
there is no obvious physical reason why this case should be equivalent to the first case. In fact, it is not and
is an artifact of the PM equation. To illustrate this, Figures S3a and S3c compare the PM solution to the
true solution for different values of g, for daytime (R, — G > 0) and nighttime (R, — G < 0) conditions,
respectively. Asg, — 0, diffusion of heat and water vapor from the surface becomes very slow and inefficient.
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Table 1

Theoretical Benefits of Equation (8): Limiting Behavior of AE and Predicted Limiting
Behavior From the PM Equation (AEpy) and Equation (8)

Radiatively uncoupled Radiatively coupled
g, 0 JE - R, -G, forR,—-G>0 JE -0
0, forR, -G <0
AEpy — ((ﬁ%@ (incorrect)
84> ® AE — pigy(q (Ty) = 4a) AE — pigy(q (Ty) = 4a)
g —0 AE -0 AE -0
gy —> © No closed-form solution No closed-form solution

1E ~ =9 when RH = 1
e+1

AEpy; underestimates when
RH<1landR,-G<0

AEpy; underestimates when
RH<1landR; - G* <0

Note. True values are given in black text. Equation (8) is correct in all limiting cases
(see Appendix C for analytical derivations). Where AEp), incorrectly diverges from
the true limit, it is noted with red text.

The land surface is unable to turbulently transport away the incoming energy, and as a result, | T,| increases
substantially. For R, — G > 0, the nonlinear Clausius-Clapeyron relation g'(T,) in the definition of 1E
increases much more rapidly than T\, the equivalent term in the definition of H. In the limit of T; — o0, AE
dominates H and consumes all available energy at the surface (Bateni & Entekhabi, 2012; Yang & Roderick,
2019), resulting in the limit AE - R, — Gasg, —» 0.For R, — G < 0,as g, — 0, T, decreases substantially,
rather than increasing. In this case, T, decreases much more rapidly than q"(T,), which asymptotes to zero;
therefore, H dominates AE and consumes all available energy at the surface, resulting in the limit AE — 0 as
g, — 0. In comparison, as g, — 0, the PM equation incorrectly approaches the equilibrium value, for both
positive and negative R, — G.

Why do these artifacts occur? The major assumption behind the PM equation is that a linear approxima-
tion of the Clausius-Clapeyron relation (equation (2)) is accurate. This approximation is reasonable when
|T, — T,| is small but can be extremely inaccurate when this assumption is violated. Figure 1a gives an
illustration of this. For small |T, — T,|, the linear approximation used in the PM equation is quite accurate.
However, as the difference between T, and T, grows, the accuracy of the linear approximation (and even
higher-order quadratic and quartic approximations) degrades. In particular, for the case where T, <« T,,
none of the linear, quadratic, or quartic approximations approach the correct limiting value of ¢"(T,) — 0; in
fact, errors in the higher-order quadratic and quartic approximations grow more rapidly than those for the
linear approximation. Since | T, — T, | grows very large in the calm limit, this suggests that the PM equation
should fail to reproduce the correct limiting behavior.

2.3.5. Summary

In summary, the apparent equivalence between E in the radiatively uncoupled calm (g, — 0) and wet
(g, = oo and D = 0) limits is purely an artifact of the PM equation. A major theoretical advantage of
equation (8) is that it avoids this problem: In particular, Figure S3 shows that, unlike the PM equation,
equation (8) correctly predicts that AE - R,—Gasg, - OwhenR,—G > Oand that AE -» OwhenR,—G < 0.
It also reproduces the correct limiting behavior when g, — o, g, — 0, and g, — oo. The correct limiting
behavior for each case is summarized in Table 1, and inaccurate limits in the PM equation are highlighted
in red. It is shown analytically in Appendix C that equation (8) converges to the correct limits in each case.

2.4. A Revised Decoupling Parameter

By correctly representing limiting behavior, equation (8) can be used to correct a conceptual mistake in a
theory of land-atmosphere coupling. Jarvis and McNaughton (1986) argued that AE could be scaled between
two limiting cases: an “equilibrium” case, in which the atmospheric state was set by the evaporating surface,
and an “imposed” case, in which the atmospheric state was independent of the evaporating surface. To
quantify this scaling, they proposed a “decoupling parameter” €, defined as

AE = QAE, + (1 - QAE;,, (11)
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or equivalently as
AE — AEjn,

Q=— T2 12
AB, — JE, (12

imp
where AE is equilibrium latent heat flux and AE;, is the latent heat flux in the limit of g, — oo. Based on
this definition, they proposed, using the PM equation, that Q could be estimated as

(13)

According to this definition, Q@ — 1 (and, therefore, AE — AEeq) when g, — oo or when g, — 0. As shown
previously, the latter case is an artifact of the PM equation and is incorrect (Paw U & Gao, 1988).

Using equation (8), this problem can be resolved. I define AE, as the latent heat flux in the wet limit (g; —
oo and D = 0) in equation (8). AE;y, is defined as the latent heat flux in the rough limit (g, — oo), the
definition given by Jarvis and McNaughton (1986), in equation (8). Equation (8) is correct in both limiting
cases, unlike the PM equation. Substituting these expressions along with equation (8) into equation (12)
gives the following estimate:

. R,—G+ 580 ,)q,
gs/lz(@a + gs)q*(Ta) - gsqa) - Cpga(ga + gs)RvTEWO (i ) & €xp <FAT§ ¢>>

A p Rng 8st8a PCp8a
Q=

(14)

(ga + gs) (AZ(@Q + gs)q*(Ta) - gsqa) - cpgaRvT(%WO (é A;I;;]%) €xp (ﬁ % ) ))
While complicated, this expression does not require any additional information or assumptions beyond
those made already by Jarvis and McNaughton (1986). As g, — 0, both AE and AE,, approach R, — G; there-
fore, Q — 1, by equation (12), as for the formulation of Jarvis and McNaughton (1986). The key difference
is, in the new formulation, AE,, goes to the correct limit (R, — G) as g, — 0. This remedies a significant
conceptual weakness in the theory.

This discussion has been focused on the radiatively uncoupled case, since this case is most relevant to previ-
ous definitions of equilibrium E (equilibrium E is not a limiting value in the radiatively coupled case) and has
also been used most widely (e.g., Fisher et al., 2009; De Kauwe et al., 2017). The behavior of the decoupling
parameter is different in the radiatively coupled case (Paw U & Gao, 1988), and the decoupling parameter
framework has since been generalized to the radiatively coupled case (Martin, 1989; McNaughton & Jarvis,
1991). I provide a derivation of a radiatively coupled equivalent expression to equation (14) in Appendix B.1.

2.5. Revisiting Equilibrium E

In this section, I critically reexamine previous definitions of equilibrium E in light of the presented results.
This work implies that several conventional definitions of equilibrium E are incorrect (i.e., are not equiv-
alent to, or even approximations of, equation (10)). Raupach (2001) provides a comprehensive review of
equilibrium E, listing five different definitions prevalent in the literature. Here, I critically reassess these def-
initions, finding that two definitions are clearly incorrect, one is probably incorrect, one is probably correct,
and one is correct when considered to be a useful approximation. The definitions are as follows:

» Ein the limit of g, — 0: This is incorrect, as discussed in previous sections.

« Ein the limit of complete decoupling (Q = 1): This definition is also based on the PM equation and is
also incorrect (Paw U & Gao, 1988). Even if Q is appropriately redefined, as in equation (14), Q = 1 does
not imply equilibrium E. For example, in the radiatively uncoupled case given above, Q> 1las g8 —0,
but AE does not go to the equilibrium value.

« Ethatisindependent of g, : This relation, proposed by Monteith (1965) and Thom (1975), was obtained by
differentiating the PM equation with respect to g, setting the resulting expression to zero, and rearranging
to solve for AE. While equation (8) is differentiable, the same procedure does not yield a closed-form
expression when applied to equation (8). Furthermore, it is not clear when a minimum exists in AE for
finite g,, in general: For example, one exists in Figure S3c but not Figure S3a. It therefore seems likely
that this definition is also an incorrect artifact of the PM equation.

« E of a closed system forced with incoming energy and allowed to evolve over a sufficiently long period
of time: Previous studies that established this relation used either the PM equation explicitly (Raupach,
2001) or other relations based on the linearization of the Clausius-Clapeyron relation (McNaughton,
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1976a, 1976b; Slatyer & Mcllroy, 1961). This provides some cause for concern. However, since the results
of these studies hold for any value of g, and g, and problems with the PM equation mainly arise in lim-
iting cases, this suggests that the definition and results of these studies are likely to be broadly correct.
However, the problem requires further consideration, which is left to future work.

« Ein the limit of g, - oo and D = 0: This definition is exactly correct when ¢, is used in the definition
of equilibrium E (Raupach, 2001). When ¢ is used instead, it is typically an accurate approximation over
wet surfaces (Milly, 1991).

3. Summary and Conclusions

This study has introduced an alternative to the PM evapotranspiration equation (equation (8)), based on an
approximation of the Clausius-Clapeyron relation proposed by Vallis et al. (2019). The new equation has
both practical and theoretical benefits over the PM equation. These benefits are obtained without requiring
additional assumptions, empiricism, inputs, or computational cost.

Practically, the new equation is consistently more accurate than the PM equation, when validated against
eddy covariance observations from 79 sites around the world. More specifically, it reduces RMSEs by
5.74 [W m~2], when averaged over both day and night. Many challenges related to the practical modeling of
ET are not addressed by this work, including the modeling and estimation of g, and g;.

Theoretically, the PM equation is shown to be incorrect in several important limiting cases, which has led
to incorrect definitions of equilibrium E: In particular, the definition of equilibrium E as the limiting value
of E in the radiatively uncoupled surface energy budget as g, — 0, which is an incorrect artifact of the PM
equation. The new equation does not suffer from this problem. I use the new relation to show that several
other common definitions of equilibrium E are incorrect and to remedy a related conceptual error in the
decoupling parameter theory of Jarvis and McNaughton (1986).

Beyond the practical and theoretical applications considered here, this work opens up opportunities for more
accurately studying the surface energy budget at night, and in cold environments, where the PM equation
is particularly inaccurate.

Appendix A: Derivation of Equation (8)

In this section, I solve equation (7) for T, and obtain equation (8). Equation (7) can be rearranged to the
form

ps =aT, +b, (A1)
where
= A2
p eXp<Rng>, (A2)
A

e (77 )
a=-—— " (A3)

&+8a Aq*(Ta)

A _ 8s8a
Cp eXp (RVTﬂ ) Rn G + pigS-Fgﬂ qa

gj'sga Aq* ( Ta) pcpga

b (A4)

Defining —t = T, + b converts equation (Al) to tp' = —é ~b/a_ Based on the definition of the Lambert W
function (equation (2)), this gives

W, (—ip"’/ “ log(p))

log(p)
Wy (-tp e logm)
->T. =- - —.
’ log(p) a
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Substituting in equations (A2, A3, A4) yields

* R,—G+382 459
A ATy _ & AT gs+gq "1
Rn -G+ p)“gg_f; dq WO (Cp R,TZ g+8, exp (Rng PCp8a )
T,=T,+ 22— >

PCr8a A/(R,T?

(A5)

By the surface energy balance (equation (1)), AE=R,, — G — pCp8, (T, — T,). Substituting equation (A5) into
this yields equation (8).

Appendix B: Generalization to the Radiatively Coupled Surface Energy Budget
The “radiatively coupled” surface energy budget (Raupach, 2001) can be written as

Ground heat flux ~ G(T) Latent heat flux  AE(T,)

Net radiation R, (T,) P N Sensible heat flux ~ H(T)
A\ Y N\
g 4\ TS B Tg 858a *
(1 —-ayR, +e(Ry —oT)) — kg 7 =pA——(@(T)—q)+ pc,8(Ts—Ty , (Bl
g gS + ga

where q is surface albedo [—], R, is downwelling shortwave radiation [W m~2], R, | is downwelling long-
wave radiation [W m~2], e, is surface emissivity [—], o is the Stefan-Boltzmann constant [W m~* K™*], k, is
soil storage thermal conductivity [W m~ K™'], and d, a soil storage length scale [m]. This can be rewritten
to remove all T, dependence from the left-hand side:

? 4\ Ta B Tg 8s8a *
(1 - as)Rsl + es(RLL - GTa) - kg = P'l (q (Ts) - qa) + pcp(ga + 8r + gg)(Ts - Ta)’ (BZ)
dg 8 +8

where 8 = kq / (pc,d,) is the storage conductance and g, = e;o( T;‘— T;‘) / (pc,(T;—T,)) is the radiative conduc-
tance. The point of this transformation is to move all the unknowns (in this case, just T,) to the right-hand
side. The left-hand side is treated as a known constant. For the special case g, = g, = 0 (i.e., ignoring effects
of radiative and storage coupling, as is common, such that R, and G are taken as fixed observations), this
reduces to the radiatively uncoupled expression for the surface energy balance (equation (1)).

For the radiatively coupled surface energy budget, substituting equation (2) into equation (B2) and solving
gives the following approximate solution for AE:

_ Pe(R), = G*) + pAg,(q"(T,) — q,)

AE
p€+1+‘§—“

, (B3)

where p = g,/(g, + 8 + &)- This is the radiatively coupled PM equation and reduces to the radiatively
uncoupled PM equation for the case where g, = g, = 0, as expected.

The solution for the radiatively uncoupled surface energy budget (equation (1)) presented in Appendix
A is generalized here to the radiatively coupled budget (equation (B2)). Substituting equation (6) into
equation (B2) and solving for T, as in Appendix A

R*—G*+ 8s8a pAq
A Aq*(Ty) pg, A_n gstga N0
* (1 8s8a W, | &2 —& s ex —— 8&%8a
Rn G+ pl{gﬁga qq 0 <Cp R,€TZ g+, P R,TS PCp8alP

0¢,8/P - /R, T?

T,=T,+

N a

(B4)

This expression reduces to equation (A5) when g, = g, = 0, as expected. By the radiatively coupled surface
energy budget (equation (B2)), AE = R} — G* — m(T . — T,). Substituting equation (B4) into this yields

p

PCp8a A Ag*(Ty) _pes 4 RGP

p Wo ¢, RT2 gtg XPlrre 0C,80/D
P via &sTéa via pba gsga
AE = 5 —pA o (B5)
A/ (R, T &t 8

This expression reduces to equation (8) when g, = g, = 0, as expected.
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Figure S3 is reproduced for the radiatively coupled case in Figure S6. For Ry — G* > 0, the limiting behavior

for g, is similar, although the limit as g, — oo is Rf_EG* - % < i (Figure S6b, Raupach, 2001). The

limiting behavior as g, — 0 is quite different for the radiatively coupled case. This is because, in the calm

limit of the radiatively coupled case, T, remains finite, with outgoing longwave radiation balancing incoming
radiation, and consequently, H and AE both approach zero (Figure S6a). Equation (B5) is accurate in all
cases.

B.1. Decoupling Parameter

For the radiatively coupled case, the decoupling parameter is given by

2 . Ri—G*+ 580 pjq,
8,72(gq + 809" (T,) — g,q,) — L8R la 7, <i 00 P8 ey <PR A > )

. p ¢ RT: g+a Pep€a
O= (B6)

aRVT‘% *(Ty :_ * 00" (Ty '
(@ +8) (1@ + 88" (T,) - 8.40) — LW, (2480 pexp (pts it o)) )

¢p PCp8a

Based on a similar derivation to that in Appendix C for the limiting behavior of AE, it can be shown that, as
8. - 0,Q > 1land AE - 0.

Appendix C: Limiting Behavior of Equation (8) in the Limits g, - o, g, — 0,
g, ~> co,and g, - 0

Raupach (2001) comprehensively characterizes the limiting behavior of both the radiatively coupled and
radiatively uncoupled PM equation. In this section, I characterize the limiting behavior of equation (8) in
both radiatively coupled and radiatively uncoupled cases.

Cl. gi—»> ccandD =0

In this case, for both the radiatively uncoupled and radiatively coupled cases,

PCHE, A Aq(T, 4 Ry—G"+g,pAq*(T,)
paW()(_q(za)pexp( i e WO
o R R,T; PCp8alP

AE =
A/(R,T?

= p2gq"(Tp),

where p = 1 gives the expression for the radiatively uncoupled case,and 0 < p < 1 describes the radiatively
coupled case.

Simulations conducted in this limit (Figure S7) demonstrate that, while the assumed form in PM gives a
reasonable first-order estimate, it is entirely insensitive to variability due to varying g,, as expected. In con-
trast, equation (8) is more accurate and captures reasonably the sensitivity of AE to variation in g,, even in
the limit of g, > co and D = 0.

C2.g, -0

For both the radiatively uncoupled and radiatively coupled cases, AE — 0, since W;(0) = 0.
C3.g, >

C.3.1. Radiatively Uncoupled Case

Asx — 0, Wy(x) ~ x. In addition, Efa _— _& __, g asg — oo.These results will be used in this section.
&+8  8&/8tl S a

As g, — oo, equation (8) goes to

8s8a
Pepta (i T e o0 (ﬁ 1¥) > 8L
AE - R, T
o o0
2/RTD ~ P48:qq

= pAg(q"(T,) — qo)-
C.3.2. Radiatively Coupled Case

As g, — o, p — 1, and so the radiatively coupled case is identical to the radiatively uncoupled case.
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C4.8,—-0

C.4.1. Radiatively Uncoupled Case

In the limit x — oo, W (x) = log(x) — log(log(x)) + o(1). This result is applied in this derivation.
As g, — 0, equation (8) goes to

Term I Term II

A
N N

P8l 4 R,—-G & A AqH(T,) & A Aqi(T,)
n > og — S exXp — >
2 R,T? pc,g, g&+8 ¢ RT? 8 +8 ¢ RT;

v

AE - 0+

R -G Aq*(T, Aq*(T,
—log( /12 L +log< & 4 q(za)exp< & 4 q(;)>>>+ o(1)
R,T? pcpg, g&+t8 ¢ RT? 8 +8.¢ RT ——

Voa
~ - Term IV

~
Term III

Evaluating the limits term by term gives

. . PCE, R, -G
lim Term I = lim i @ 4 S — =R,
8,—0 2,0 — R,T? pcyg,

via

& (T & AT\ _
&+8 ¢ RT; &+8. ¢ RT;

PCy8,
lim Term II = lim —— log (
8—0 80 _A_

R,T?

via

pC R -G Aq*(T, Aq*(T,
lim Term III = lim iga log< A_Zn +1og< & 4 49T exp( & 2 4d( a)>>>
==

2 2 2
8a—0 8a~ o7 R,TZ pcpg, g&+8 ¢ RT; g&+8 ¢ RT
v
" | ( A_R,—G < & A ATy ( & 4 Aq*(m)))
(o] +log ( == exp | =~
Rsz J Rng PCp8a J 8st8a Cp Rng P 8s18a Cp Rng
= lim —2
8,—0 l/ga

Since both the numerator and the denominator diverge to infinity as g, — 0, L'Hopital's rule is used to
evaluate the limit. Differentiating the numerator and the denominator and simplifying give

pcpga(j'(Rn -G+ p(gj__“ga)z(gsqu*(]‘a) + cp(ga + gs)RvTﬁ)

lim Term III =

z 1 7 e Ty g LTy & v
8a—0 o (AR, = G) + pc,g,R,T? log(; —ing g—si - exp(; _(ll%Tﬁ g—j - )
Finally,
. PCy8,
lim Term IV = ——= o(1)=0.
2,—0 A
R,T?

via

Combining these results gives

lim AE=R, - G.
g,—0

C.4.2. Radiatively Coupled Case
Asg, —» 0,p — 0andg,/p — g, + g, Therefore, equation (B5) goes to

«_ v, Es€a
pipta yyy (20T pes o (2 RO gyveg "Ma
P 0\ RTT gt RTG  rcpgalp 2.8,
—pA

A/(R,T? g&+8

AE —>

pcy(8e +8r)
N g~ or

GR T2 0@ 70=0

since W,,(0) = 0. The key difference for the radiatively coupled case is that p varies with g,, whereas in the
radiatively uncoupled case, p = 1 and is invariant to changesin g,.
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Figure S2. Left: Scatter plot comparing PM estimates of AE to true values, obtained by numerically solv-
ing equation 2, with gg = 101 [m/s], RH=0.5[-],T, = 20[°C],P=101,325[Pa], G = 0[W/m?]and
randomly varying g, between 0.01 and 0.1 [m/s], and R, between -200 and 500 [W/m?2]. Right: Same as left,
but using equation rather than the PM equation. In both plots, the axes are restricted to the range 100-500

[W m™2] for visual clarity.

Text S1: Comparison of equation[§|and the PM equation using synthetic observa-
tions

The data used in section are subject to observation errors. To address concerns
that the results may be an artifact of errors in observations, or in modeled estimates of
ga, a synthetic analysis is presented in this section. Since no real data are used in this
comparison, observation errors cannot impact the results.

Synthetic ‘observations’ of gs, g4, T4, RH, and R, — G were generated by random
sampling from uniform distributions, with ranges of [1074,0.03], [0.01,0.1], [253 K, 320 K],
[0, 1], and [-70 W/m?, 578 W/m?], respectively. The ranges of g, g, and R,—G were cho-
sen to correspond to the fifth and ninety-fifth percentiles of values estimated in the main
text using real data. While these variables are often correlated in the real world, both the
PM equation and equation provide instantaneous estimates of AE; therefore, it is reason-
able to test their accuracy when input variables are uncorrelated. The synthetic observa-
tions are used to estimate AE using both the PM equation and equation |8} and compared
with the true value, obtained by numerically solving the surface energy budget (equation

).

Figures and b show the results of this analysis. Overall errors are substantially
lower for equationcompared to the PM equation. They are also qualitatively consistent
with the results obtained from the analysis using real data in the main text (Fig. .

Table S1: Site characteristics, studied periods, and citations for flux sites used in
this analysis. All data obtained from www.fluxdata.org!

Site name  Veg! Lat? Lon’ Period  Ref!

AR-SLu MF -33.4648 -66.4598 2009-2011 |Ulke et al.|[2015]]
AT-Neu GRA 47.1167 11.3175 2002-2012  \Wohlfahrt et al.||2008|
AU-ASM  ENF  -22.2830 133.2490 2010-2013 |Cleverly et al.| [2013]
AU-Cpr SAV  -34.0021 140.5891 2010-2014 |Meyer et al.| [2015]
AU-DaP GRA -14.0633 131.3181  2007-2013 |Beringer et al.|[2011a]
AU-DaS SAV  -14.1593 131.3881  2008-2014 |Hutley et al.||2011]
AU-Dry SAV  -15.2588 132.3706  2008-2014 |Cernusak et al.|[2011]
AU-Emr GRA -23.8587 148.4746  2011-2013 |Schroder et al.|[2014]
AU-Gin WSA -31.3764 115.7138  2011-2014 |Beringer et al.|[2016a]




Site name  Veg! Lat? Lon’® Period  Ref!

AU-How WSA -12.4943 131.1523  2001-2014 |Beringer et al.|[2007
AU-Rig GRA -36.6499 145.5759  2011-2014 |Beringer et al.|[2016b]
AU-Stp GRA -17.1507 133.3502  2008-2014 |Beringer et al.|[2011b
AU-Tum  EBF  -35.6566 148.1517  2001-2014 |Leuning et al.||2005]
AU-Wac  EBF  -37.4259 145.1878  2005-2008 Wﬂé’!ﬁn—p
AU-Whr  EBF  -36.6732 145.0294  2011-2014 |McHugh et al.|[2017]
AU-Wom  EBF  -37.4222 144.0944  2010-2012 |Hinko-Najera et al.| |2017|]
AU-Ync  GRA  -34.9893 1462907 2012-2014 |Yee et al.|[2015
BE-Lon CRO 505516 4.7461 2004-2014 | Moureaux et al.|[2006]
BE-Vie MF 503051  5.9981 1996-2014  |Aubinet et al.|[2001]
BR-Sa3 EBF  -3.0180 -54.9714  2000-2004 |Wick et al.[2005
CA-Qfo ENF  49.6925 -74.3421  2003-2010 |Bergeron et al.|[2007]
CA-SF1 ENF 544850 -105.8176 2003-2006 |Mkhabela et al.|[2009a
CA-SF2  ENF 542539 -105.8775 2001-2005 |[Mkhabela et al.|[2009b]
CH-Cha  GRA 472102 8.4104 2005-2014 | Merbold et al.[[2014]
CH-Dav  ENF  46.8153  9.8559 1997-2014  Zielis et al[[2014]
CH-Fru GRA 47.1158 8.5378 2005-2014  |Imer et al.[[2013]
CN-Cng  GRA 445934  123.5092  2007-2010 |Dong|[2016]

DE-Geb ~ CRO 51.1001 109143  2001-2014 |Anthoni et al.| [2004]
DE-Gri GRA 509500 13.5126  2004-2014 |Prescher et al.[[2010a]
DE-Hai DBF 51.0792 104530  2000-2012 |Knohl et al.|[2003]
DE-Kli CRO 50.8931 13.5224  2004-2014 |Prescher et al[[2010b]
DE-Lkb  ENF 49.0996 13.3047  2009-2013 |Lindauer et al.|[2014]
DE-Obe  ENF 507867 13.7213  2008-2014 |Bernhofer et al. ||201|g'
DE-Seh CRO 50.8706  6.4497 2007-2010  [Schmidr et al.|[2012
DE-Tha ENF 50.9624 13.5652 1996-2014  |Griinwald and Bern 10fer| [|2007||
DK-Sor DBF 554859  11.6446  1996-2014 |Pilegaard et al. [2011]
FI-Hyy ENF  61.8474 242948  1996-2014  \Suni et al.|[2003]
FI-Jok CRO 60.8986 23.5135  2000-2003 |Lohila|[2004]

FI-Sod ENF 673619 26.6378  2001-2014 Thum et al.|[2007]
FR-Gri CRO 48.8442  1.9519 2004-2013  |Loubet et al.|[[2011]
FR-LBr ENF 447171  -0.7693 1996-2008  |Berbigier et al.| [2001
IT-CA2 CRO 423772 12.0260  2011-2014 |Sabbatini et al.| [2016
IT-Col DBF 41.8494  13.5881 1996-2014 | Valentini et al.| [1996]
IT-Cp2 EBF 417043 12.3573 2012-2014  |Fares et al.|[2014]
IT-Cpz EBF 417052 12.3761 1997-2009 | Garbulsky et al|[2008]
IT-Lav ENF 459562 11.2813  2003-2014 Marcolla et al.|[2003]
IT-MBo  GRA 46.0147 11.0458  2003-2013 |[Marcolla et al. [2011]
IT-Noe CSH 40.6061 8.1515 2004-2014  Papale et al [2014
IT-PT1 DBF 452009 9.0610 2002-2004 Migliavacca et al.| 2009
IT-Ren ENF 46.5869  11.4337 1998-2013  |Montagnani et al.|]|2009
IT-Ro2 DBF 423903  11.9209  2002-2012 |Tedeschi et al.|[2006]
IT-SRo ENF 437279 102844  1999-2012 |Chiesi et al.|[2003]
IT-Tor GRA 45.8444  7.5781 2008-2014  |Galvagno et al.[[2013]
NL-Hor  GRA 522404 5.0713 2004-2011  Jacobs et al.[[2007]
NL-Loo  ENF 52.1666 5.7436 1996-2013  [Moors| [2012]

RU-Fyo ENF 564615 329221 1998-2014  [Kurbatova et al.| M
SD-Dem  SAV  13.2829  30.4783  2005-2009 |Ardo et al.|[2008]
US-ARI  GRA 364267 -99.4200  2009-2012 |Raz-Yaseef et al.|[2015a
US-AR2  GRA 36.6358 -99.5975  2009-2012 |Raz-Yaseef et al. [2015b
US-ARM  CRO  36.6058 -97.4888  2003-2012 |Fischer et al.||2007]
US-Blo ENF 388953  -120.6328 1997-2007 |Goldstein et al. [2000]
US-GLE  ENF  41.3665 -106.2399 2004-2014 |Frank et al.|[2014]
US-KS2 ~ CSH 28.6086 -80.6715  2003-2006 |Powell et al.|[2006]




Site name  Veg! Lat? Lon’® Period  Ref!

US-Me2 ENF 444523  -121.5574 2002-2014 |Irvine et al.|[2008]
US-MMS DBF 39.3232  -86.4131 1999-2014 |Dragoni et al.[|2011]
US-Nel CRO 41.1651 -96.4766  2001-2013 Verma et al.|[2005a]
US-Ne2 CRO 41.1649 -96.4701  2001-2013 |Verma et al.|[2005b]
US-Ne3 CRO 41.1797 -96.4397  2001-2013 Verma et al.|[2005¢]|
US-NR1 ENF 40.0329  -105.5464 1998-2014 |Monson et al.|[2002]
US-SRG GRA 31.7894  -110.8277 2008-2014 |Scott et al.|[2015]
US-SRM  WSA 31.8214 -110.8661 2004-2014 |Scott et al.|[2009]
US-Syv MF 46.2420  -89.3477  2001-2014 |Desai et al.|[2005]
US-Ton WSA 384316 -120.9660 2001-2014 |Baldocchi et al.|[2010]
US-Var GRA 384133  -120.9507 2000-2014 |Ma et al.|[2007]
US-WCr DBF 45.8059 -90.0799 1999-2014  |Cook et al.|[2004]
US-Wkg GRA 31.7365 -109.9419 2004-2014 |Scott et al.|[2010]
ZA-Kru SAV  -25.0197 31.4969 2000-2010 |Archibald et al.|[2009]
ZM-Mon DBF -154378 23.2528 2000-2009 | \Merbold et al.|[|2009]

! Vegetation types: deciduous broadleaf forest (DBF); evergreen broadleaf forest
(EBF); evergreen needleleaf forest (ENF); grassland (GRA); mixed deciduous and ever-
green needleleaf forest (MF); savanna ecosystem (SAV); shrub ecosystem (SHR); wetland
(WET); unknown (UNK). 2 Positive value indicates north latitude. 3 Negative value indi-
cates west longitude. * References.
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Figure S3. Variation of radiatively-uncoupled AE with changing aerodynamic conductance g, (a, c) and
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R, = 300 [W/m?], ground heat flux G = 0 [W/m?2], relative humidity RH = 1 [-], air pressure P = 101,325
[Pa], air temperature T, = 20 [°C]. b) Same as a), except g5 varies and g, = 0.02 [m/s]. ¢) Same as a), except
R, = —300 [W/m?2]. d) Same as b), except R,, = —300 [W/m?].
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Figure S4. Comparison of a) equationand b) the radiatively-uncoupled PM equation with synthetic
observations, simulated as described in Text S1. The red dashed line is the 1:1 line. ‘RMSE’ means ‘root-

mean-squared error’.
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